Surgery can become safer and more reliable if the conditions of the organs can be physically and quantitatively assessed through simultaneous intraoperative measurements and physical estimations of deformed organs. This study proposes a new method for estimating external forces based on local displacement of elastic bodies. Using this method, one can estimate the magnitude and position of forces not only on the forceps but also in the invisible eld. Simulation studies con rmed the effectiveness of this method. The experimental results showed that partial observation of a deformed shape achieved successful estimation of the external forces.
Introduction
In order to improve the consistency of endoscopic surgery, we have developed a new method that can provide surgeons with enhanced intraoperative feedback. Our method relies on evaluation of the local displacement of an elastic body, a mechanism that can be enhanced to compute not only observable but also unobservable external forces using data from partially observed vertices. Using this method to improve visibility for endoscopic surgeons is an important advancement because, unlike open surgery, endoscopic surgery involves operating with forceps or radio knives while observing the inside of the patient s body through an endoscope. Many attempts to improve the conditions for delicate endoscopic surgery have been undertaken, including robotic-assisted surgery systems [1] .
Currently, however, whether a surgeon smoothly performs the surgery depends primarily on his/her experience and ability, rather than the technical environment in which he/she operates. Surgeons estimate the position and magnitude of the contact forces from only limited visual information. This presents a possibility of error or medical malpractice including injury to organs or unexpected rupture of blood vessels from excess force. To remedy this, various intraoperative measurements and physical estimations of the deformed organs [2] [3] [4] [5] [6] [7] have been attempted. Soft tissues, including organs, are deformed during surgery because of tensile forces exerted by the forceps, the progress of surgery, the state of pneumoperitoneum, and the breath of the patient. Image processing studies such as feature point extraction methods using 3D endoscopes [2] [3] [4] [5] have been attempted to measure the deformation of organs. In addition, ultrasonography is usually used for specifying the location of tumors and is helpful in measuring deformation [6] . Furthermore, some surgeries are assisted by intraoperative magnetic resonance imaging (MRI) [7] . Ultimately, however, the usefulness of these techniques is contingent on the procedure and the experience of the surgeon.
It is possible, however, to ensure safer and more reliable surgery by gathering intraoperative measurements and physical estimations of the deformed organs during surgery, as this would help evaluate the conditions of the organs physically and quantitatively [8] . As a rst step in this direction, Yoshida et al. [9] proposed a theory for measuring and analyzing the forces exerted on forceps. However, no studies have attempted to reveal the physical conditions of regions external to the forceps. In general, intraoperative physical estimation of organs has remained a distinct challenge.
To begin tackling this challenge, we developed a new method for estimating external forces based on observation of local displacement in an elastic body. This method is based on the nite element method (FEM), which is commonly used for simulating deformation of an elastic body [10] . We assume that the external forces applied to the elastic bodies are sparse ; the partial volume of an elastic body to which external forces are applied is considered small relative to the entire volume of the body. Under this assumption, we employ a method of compressed sensing [11] developed in the eld of mathematical modeling. Our study is basic research in terms of force estimation by introducing L1-norm minimization [12, 13] to FEM. L1-norm minimization is widely investigated in the eld of mathematics. However, no studies have attempted to reveal how the estimation accuracy changes by applying L1-norm minimization to FEM; that is, employing the stiffness matrix as an observation matrix. Although we regard clinical applications as one of the potential applications, as a rst step to develop the theoretical framework, this paper concentrates on presenting the basic concept and results of force estimation using typical linear elastic models. The results showed that introducing sparsity and L1-norm minimization to FEM works well to estimate external forces on two types of elastic bodies with simple physical properties. We regard this mathematical formulation and ndings through simulation experiments to be the main contribution of this paper. We therefore do not focus on speci c clinical application or practical surgical support.
To this end, we formulate a method to compute not only observable external forces but also unobservable forces applied to mesh models by local displacement of partially observed vertices. After con rming the effectiveness of the method, we discuss the implications of this work for clinical application.
Methods

Estimation of External Forces Based on Observations of
Local Displacement The aim of this study was to estimate the position and magnitude of external forces not only in visible regions but also in invisible regions using only the displacement in the visible regions. Figure 1 shows an example. We assume that an elastic body has both a visible and an invisible region (Fig. 1a) and that when the visible region is manipulated by external forces, the physically connected invisible region is also indirectly affected by these forces (Fig. 1b) . The problem to be solved in this study is to estimate the visible and invisible external forces based on the deformation in only the visible region.
Typically, during endoscopic surgery, surgeons are required to imagine the physical conditions of the organs because they cannot see the entire organ. Moreover, during robotic-assisted surgery, surgeons cannot concretely perceive the load of organs because they cannot feel the counterforces. Our method can help solve such problems. Figure 2 shows a mathematical mesh model corresponding to Fig. 1 . The purpose of our proposed method is to estimate the magnitude and direction of an external force vector using the displacement at the observable vertices shown in Fig. 2b . We de ne f as the forces in icted on the vertices, u as the displacement of vertices, and K as the stiffness matrix. The following equation is used for linear nite element analysis:
Formulation of the Problem
(1) We assume that the known quantities are: the displacement vector u o , the observable part of u, and the stiffness matrix K; while the target of estimation is an external force vector f (where f is a sparse vector). We regard local displacement as a known quantity because deformation measurement methods are often available, such as measurement of surface deformation of elastic bodies using camera images [2] [3] [4] [5] and measurement of inner deformation using ultrasonography [6] . In this study, we assume that the known quantity u o includes the displacement of inner vertices. Young s modulus and Poisson s ratio are set at 1 kPa and 0.4, respectively. The xed vertices are obviously known in advance.
Estimation Method of External Forces Applying L1-Norm Minimization
We start with compressed sensing [11] and L1-norm minimization [12, 13] to explain the estimation of the external force vector f exerted on all the vertices of a mesh model using displacement of the observable vertices u o , and the stiffness matrix K. Let M be the number of observable vertices and N be the total number of vertices excluding xed vertices. Based on an M-dimensional vector y, N-dimensional vector x, and observation matrix A, a linear equation is de ned:
We solve x using y and A as given quantities. Because this equation is considered an underdetermined system if M < N, x cannot be uniquely obtained without a certain constraint condition. Provided that x is a sparse vector, x can be obtained if the given number of components of y is equal to the number of non-zero components of x. The basic problem for compressed sensing is to reduce M (< N); that is, the number of observed values under the condition where x is sparse. In general, this x is solved by L1-norm minimization [12] [13] [14] [15] [16] [17] . The optimization problem; that is, minimization of ||x|| 1 under the linear constraint y = Ax, is called L1-norm minimization; it is described below.
L1-norm minimization can be formulated as a linear programming problem that can be solved by well-known methods such as the Simplex method and the internal point method.
By categorizing all the vertices of a mesh model as observable vertices o and unobservable vertices i, equation (1) can be rewritten as follows: an elastic body has a visible region (light blue) physically connected to an invisible region (darker blue), visible forces can generate opposing forces in the invisible region. The aim of this study is to estimate both visible and invisible external forces (green arrows) using only the displacement in the observable region.
Fig. 2
Representation of the mathematical problem using a mesh model. Mathematically speaking, the aim of this study is to estimate external forces exerted not only on observable (light blue) vertices but also on unobservable (dark blue) vertices using only the displacement of observable vertices.
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Doing so requires calculating u using the boundary condition f and reconstructing f ∈ R N under the condition that u o ∈ R M is a given quantity and u i is unknown. In short,
We use only equation (5) to reconstruct f, where (5) is an undetermined system. However, because f is a sparse vector, f can be estimated by applying L1-norm minimization to equation (5) as follows:
If f is successfully reconstructed, the displacement of the unobservable vertices u i can be calculated by substituting f into equation (1) . Therefore, it is also possible to estimate the displacement of all the vertices using only the local displacement in a mesh model.
Evaluation Experiment
Verifying the Model Using Simulation
The purpose of this simulation is to clarify how the number of observed vertices (the number of given values M) affects the accuracy of estimating f, which is k-sparse, in other words, its non-zero components are at most k out of N. In this simulation, k is the number of vertices experiencing external forces.
We implemented the proposed method using Visual C++ and an open source library KL1p [14] , which solves L1-norm minimization, and ran the experiment on a computer (OS: Windows 7 Professional, CPU: Intel Core i7-3770, memory: 16 GB).
Examples of Estimation
Experimental simulations were carried out under two different situations. In experiment 1, we assumed that an observable region (region 1) of an organ was pulled by forceps. In experiment 2, we assumed that an unobservable region (region 2) was pulled through some kind of connection. We tested this on a tetrahedral mesh model of a liver generated from a 3D CT image (Fig. 3a) . This is a linear-elastic body model with isotropic homogeneous media. The number of xed vertices in this model was 25, and the vertices were positioned around the inferior vena cava. The other vertices (263 points) were free nodes.
In experiment 1, the observable region was distributed as shown in Fig. 3b . Ten percent (26 vertices) of the total vertices in ascending order of z-coordinate and 9 vertices were pulled by 5 N forces in the z-direction as in Fig. 4a . The result of the estimated external forces is visualized in Fig. 4b . The estimated magnitude of the originally given external forces on the 9 vertices was 4.9-5.1 N and that of the other vertices was 0.009 N or less. Figure 4b shows that the estimated force of the vertices where external forces were not applied was approximately 0 N and that of the other vertices was approximately 5 N. Therefore, the estimation of the position and magnitude of the external forces is considered successful.
In experiment 2, the observable region is represented in Fig. 3c . Ten percent (19 vertices) of the total vertices in ascending order of y-coordinates and 7 vertices were pulled by 5 N forces in Fig. 4c . The result of the estimating external forces is represented in Fig. 4d . The estimated force of the originally given external forces on the 7 vertices was 4.2-5.5 N and that of the other vertices was 0.6 N or less. Ultimately, we were able to estimate the position and magnitude of the external forces.
Experimental Evaluation
We conducted an experiment on a rectangle model generated using a tetrahedral mesh with equally distributed vertices (5 × 5 × 10 vertices), as shown in Fig. 5a . This is a linear-elastic body model with isotropic homogeneous media. As illustrated in Fig. 5b , 25 vertices were xed and 10 vertices were pulled by 5 N forces in the z-direction. We repeated the estimation of the external forces 50 times, randomly observing n(1 ≤ n ≤ 225) vertices of the mesh model. We adopted receiver operating characteristic (ROC) curve as the index of position evaluation, and root mean square (RMS) as the index of magnitude evaluation. Also, we compared L1-norm minimization with least squares method (LSM). Figure 6a shows a ROC curve. We de ned 21 thresholds and calculated the average of 50 couples of false positive fraction and sensitivity to draw this ROC curve where n = 45 (20%), 90 (40%), 135 (60%), 180 (80%). The 21 thresholds were de ned as below.
When the threshold of external forces is f TH , confusion matrix is de ned as in Table 1 . The ROC curve shows that the area under the curve (AUC) becomes larger as the number of observed vertices increases. Figure 6b shows a box plot of the RMS. Provided that f is the original force vector and f is the estimated force vector, the RMS is calculated by
where N is the total number of vertices excluding the xed vertices; f xi , f yi , and f zi are the xyz components of f i ; and f xi , f yi , and f zi are the xyz components of f i . The box plot of the RMS shows that RMS decreases as the number of observed vertices increases. (24)
Therefore, L1-norm minimization becomes more reliable as the number of observed vertices increases. Importantly, when the number of observable vertices was 15, the calculated RMS ranged from 0 to 2.5. This result implies that the force estimation method functions accurately if the observed vertices are well selected. Figure 7 shows the comparison of estimation performance between L1-norm minimization and LSM using examples where n = 45 (20%). Compared to L1-norm minimization, LSM tends to reconstruct forces smaller than the original forces. Figure 8 shows the comparison of estimation performance between L1-norm minimization and LSM using RMS error. The plots were constructed for n = 45 (20%), 90 (40%), 135 (60%), 180 (80%). For L1-norm minimization, when n = 45, 90, 135 and 180, the average values of 50 RMS errors are 0.65, 0.49, 0.23 and 0.21, respectively. On the other hand, the average values of 50 RMS error generated by LSM are 0.75, 0.58, 0.42 and 0.25, respectively. Therefore, the average RMS error generated by L1-norm minimization is smaller than that by LSM. In terms of dispersion of RMS errors, L1-norm minimization generated larger dispersion than LSM.
Discussion
The method of introducing L1-norm minimization to FEM that we developed is potentially useful for accurate force estimation, because it achieves the goals of increasing visibility and more responsively adjusting contact pressure. In other words, our method contributes to con rm that sparse estimation employing the stiffness matrix as an observation matrix of L1-norm minimization works well to a certain degree. Figures 3 and 4 show that we can estimate the external forces not only in the observable region but also in the invisible region using local displacement of the mesh model. Figure 6a shows that the more vertices we observe, the more accurate we can estimate the positions of external forces. Figure 6b also shows that the more vertices we observe, the more successfully we can estimate the magnitudes of external forces. The reason is that L1-norm minimization becomes more reliable as the number of randomly observed vertices increases. Therefore, statistical evaluation of the performance of our proposal method was possible. Crucially, when the number of observable vertices was 15, the calculated RMS ranged from 0 to 2.5. This result implies that the accuracy of estimation depends on the selection of the observed vertices. This is natural because L1-norm minimization error depends on the feature of an observation matrix. Currently, equation (5) is not only an underdetermined system but also an ill-conditioned problem. Figure 7 shows that compared to L1-norm minimization, LSM tends to reconstruct forces smaller than the original forces. LSM is a method to minimize the sum of squared errors between the displacement vector u o and the multiplication of the observation matrix L o by the estimated force vector f . In this case, u o is too small to reconstruct accurate values of f . Figure 8 shows that L1-norm minimization is more suitable for this force estimation problem than LSM. The reason is that since LSM does not generate sparse output, L1-norm minimization produces smaller average RMS errors than LSM. The problem considered in this study is a mathematical problem to clarify the conditions of solvability of a set of underdetermined linear algebraic equations. The observable areas of the elastic body and sparseness of the external forces may have an in uence on the solvability of linear algebraic equations, which determine a linear subspace of possible solutions that satisfy the equations. We speculate that the sensitivity of the model can be evaluated more theoretically; such as for a given geometry of internal organ, which areas of the organ are more sensitive for the solvability of the external forces based on the mathematical consideration. In the future, we will investigate the relationship between the feature of the observation matrix L o , the geometry of a mesh model, and the observable areas, and conduct a simulation experiment to test the relationship. The validity of assuming sparseness of external forces should be also explored. In this study, we assumed that the external forces were sparse. Hence, we employed L1-norm minimization, which is one of the most popular methods to obtain sparse solution of an underdetermined linear equation. Compared to LSM or L2-norm minimization, L1-norm minimization is suitable for this problem of force estimation because sparse solution cannot be achieved using LSM or L2-norm minimization. However, we have to compare L1-norm minimization with other sparse estimation methods to identify the more suitable method. Our sparse estimation method is liable to produce output forces parallel to the axes. Each vertex has xyz components of forces and displacements. Therefore, the force vector consists of 3 N components. For example, when 3 vertices are pulled by forces in the z-direction, the sparseness of the force vector is 3 (3-sparse vector). When 1 vertex is pulled by a force that deviates a little from the axis, the sparseness of the force vector is also 3. Hence, these two force vectors have almost the same degree of dif culty concerning accurate estimation. Therefore, estimation of forces that deviates a little from the axis is more challenging. We shall overcome this problem in future work.
Under simulated clinical conditions, we were able to estimate external forces not only on the forceps but also on an invisible region partially adhering to some kind of tissue. We expect that our method will allow surgeons/surgical robots to detect a connection between an organ and other tissues in an invisible region. In addition, if the estimated forces are too large, this system may alert surgeons/surgical robots to weaken the contact forces. However there exists limitations in terms of clinical application. According to one study, surgeons manipulate tissues using forces of 1-4 N [9] . Therefore, the estimation errors are still high. Establishment of a partial displacement observation method using endoscopic image [5] is essential. We consider that acquiring prior knowledge of an elasticity matrix is plausible. There exist several methods to obtain the stiffness matrix preoperatively, which provides the mechanical characters and the geometry of a mesh model. Preoperative 3D CT/MRI data of an organ may be used to create a patient-speci c mesh model [15] . Moreover, mechanical characters obtained from the literature or MR/ultrasound elastography may be applied to the mesh model [16] [17] [18] . In order to simulate physical properties of real organs or large deformation, non-linear elastic body model should be considered. We also believe that our framework can be applied to a non-linear elastic body model in which the stiffness matrix K is updated sequentially [19] . We assume that force is applied to 4 or 5% of the vertices of the entire model, considering the tensile forces applied via surgical tools. The feature of the number of force-applied vertices is that when forces are applied to a larger number of vertices, estimating forces using our method becomes more challenging. We have to investigate the validity of the number of force-applied vertices (sparseness of forces). Moreover, it is inevitable that measured displacement includes errors. To test the robustness of our method, we plan to simulate force estimation assuming that displacement vector has noises. In the future, we will conduct an experiment using measured displacement in the real world. Currently, an experiment using real-world object is not realistic, because this would yield more causes of errors. Firstly, we have to minimize the estimation error in simulation study. Subsequently, we will conduct an experiment using real objects.
As a next step, we will investigate the relationship between the observation matrices and the estimation accuracy. Further, we will verify estimation accuracy when a mesh model has more complex shape or boundary conditions. Finally, we will consider an experiment based on real objects assuming an actual surgery to con rm the reliability of our proposal method.
Conclusion
Our study contributes to research aiming at improving the consistency and reliability of endoscopic surgery, by providing additional information to surgeons and feedback on contact force. Our novel method relies on the estimation of external forces using local displacement of an elastic body. To verify the effectiveness of our proposed method, estimation of external forces was performed not only in the observable region but also in unobservable regions by partial observation of a deformed liver mesh model. Moreover, we statistically evaluated the effectiveness of the proposed method by estimating the external forces on a tetrahedral mesh model while randomly observing the vertices. The results of this simulation show that the proposed method is able to estimate the external forces not only in observable regions but also in unobservable regions. In addition, the RMS error decreased as the number of observed vertices increases. Therefore, the L1-norm minimization becomes more reliable as the number of observed vertices increases.
In a related study, we are investigating why equation (5) is an ill-conditioned problem. If this trial is successful, we will be able to further improve the accuracy of our force estimation technique.
